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Let Uq(ĝ) be the (untwisted) quantum affine algebra associated with a complex
simple Lie algebra g and a generic quantum parameter q ∈ C×. This is a Hopf al-
gebra over C. Its finite-dimensional modules form an interesting abelian monoidal
category C . For example, the category C is neither semisimple as an abelian
category, nor braided as a monoidal category. In particular, the tensor prod-
uct V ⊗ W is not isomorphic to its opposite W ⊗ V for general simple modules
V,W ∈ C . Nevertheless, their Jordan-Hölder factors coincide up to reordering. In
other words, we have [V ⊗W ] = [W ⊗ V ] in the Grothendieck ring K(C ) for any
simple modules V,W ∈ C , and hence K(C ) is commutative. Indeed, this com-
mutativity follows from the injectivity of the so-called q-character homomorphism
χq : K(C ) → Y = Z[Y ±1

i,a | i ∈ I, a ∈ C×] due to Frenkel-Reshetikhin [3], where I
is an index set of the simple roots of g.

By the classification result due to Chari-Pressley [1], the set of simple modules
in C (modulo isomorphism) is in bijection with the set M ⊂ Y of monomials in
the variables Yi,a. For each m ∈ M, the corresponding simple module L(m) is of
highest weight m, namely χq(L(m)) has m as its highest term. The problem to
compute χq(L(m)) for all m ∈ M is of fundamental importance. At the present
moment, a closed formula (like the Weyl character formula) is not known.

One possible strategy is to find an algorithm to compute χq(L(m)) recursively,
analogous to the Kazhdan-Lusztig algorithm. Let us explain this idea briefly.
For each x ∈ I × C×, the q-character of the simple module Vx := L(Yx) (called a
fundamental module) can be computed by an algorithm due to Frenkel-Mukhin [2].
For each monomial m = Yx1

· · ·Yxd
∈ M, if (x1, . . . , xd) is ordered suitably, the

corresponding tensor product of the fundamental modules M(m) := Vx1
⊗· · ·⊗Vxd

has a simple head isomorphic to L(m). Moreover, there exists a partial ordering
of M (called the Nakajima partial ordering) such that we have

[M(m)] = [L(m)] +
∑

m′<m

Pm,m′ [L(m′)]

in K(C ). The module M(m) is called a standard module. Since we know
χq(M(m)), it is enough to compute the multiplicities Pm,m′ . For this purpose,
we consider a one-parameter (non-commutative) deformation of K(C ), called the
quantum Grothendieck ring. It was introduced by Nakajima [6] and by Varagnolo-
Vasserot [7] for simply-laced g, and by Hernandez [5] for general g. Recently, it
was also studied in relation with quantum cluster algebras and derived Hall al-
gebras. The quantum Grothendieck ring Kt(C ) is an Z[t±1/2]-subalgebra of a
quantum torus Yt deforming Y, stable under a natural anti-involution y 7→ ȳ of
Yt, and comes with a standard Z[t±1/2]-basis {Mt(m)}m∈M. Under the special-
ization t → 1, Mt(m) goes to [M(m)]. We can prove (see [6, 5]) that there exists
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the canonical basis {Lt(m)}m∈M satisfying Lt(m) = Lt(m) and

Mt(m) = Lt(m) +
∑

m′<m

Pm,m′(t)Lt(m
′)

for some Pm,m′(t) ∈ tZ[t]. This characterization enables us to compute the poly-
nomials Pm,m′(t) recursively. When g is simply-laced, the following result was
obtained by using perverse sheaves on quiver varieties.

Theorem 1 (Nakajima [6], Varagnolo-Vasserot [7]). When g is simply-laced, the
following properties hold:

(P1) Analog of Kazhdan-Lusztig conjecture: under the specialization t → 1,
Lt(m) goes to [L(m)], or equivalently, we have Pm,m′(1) = Pm,m′ .

(P2) Positivity: for any m′ < m, we have Pm,m′(t) ∈ Z≥0[t].

Later, Hernandez [5] conjectured that these properties hold for general g. Very
recently, we obtained some pieces of evidence of this conjecture.

Theorem 2 (F.-Hernandez-Oh-Oya [4]). The property (P1) also holds when g is
of type B. The property (P2) holds for general g.

Having these results, we propose the following question.

Question 3. What is representation-theoretic meaning of Kt(C ) or Pm,m′(t)?

Here we try to answer this question by introducing “monoidal Jantzen fil-
trations” for any tensor products of fundamental modules. For any sequence
x = (x1, . . . , xd) of elements of I × C×, let Vx := Vx1

⊗ · · · ⊗ Vxd
be the cor-

responding tensor product, which is not necessarily a standard module. By using
R-matrices, we are going to define a Uq(ĝ)-modules filtration

(1) Vx ⊃ · · · ⊃ F−1 ⊃ F0 ⊃ F1 ⊃ · · ·

satisfying F≪0 = Vx and F≫0 = {0}. Then we define an element [Vx]t of the

t-deformed Grothendieck group K(C )t := K(C )⊗ Z[t±1/2] by

[Vx]t :=
∑
n∈Z

[grFnVx]⊗ tn.

Observe that the sets {[L(m)]t := [L(m)] ⊗ 1}m∈M and {[M(m)]t}m∈M both
form Z[t±1/2]-bases of K(C )t. Then we define a Z[t±1/2]-bilinear map ∗ : K(C )t×
K(C )t → K(C )t by

[M(m)]t ∗ [M(m′)]t := tγ(m,m′)[M(m)⊗M(m′)]t,

where γ : M×M → 1
2Z is a skew-symmetric bilinear form on M related to the

structure constants of the quantum torus Yt. Also, K(C )t is endowed with a

natural involution X ⊗ f(t) = X ⊗ f(t−1). Now we propose the following :

Conjecture 4. The pair (K(C )t, ∗) defines a Z[t±1/2]-algebra with anti-involution,
and it is isomorphic to the quantum Grothendieck ring Kt(C ) identifying the stan-
dard basis {Mt(m)}m∈M with the basis {[M(m)]t}m∈M.
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Remark 5. (1) The associativity of the map ∗ is unclear from the definition.
(2) Conjecture 4 implies the above properties (P1) & (P2).

At the present moment, we have the following theorem as a piece of evidence
of Conjecture 4. Our proof also uses perverse sheaves on quiver varieties.

Theorem 6 (F.-Hernandez). Conjecture 4 is true when g is simply-laced.

In the remaining part, we explain how to construct the filtration (1). Let
O := C[[u]] ⊂ K := C((u)). For each fundamental module Vx (x ∈ I × C×), we can

define its formal spectral parameter deformation V̂x over O, which is a Uq(ĝ)O-
module, in a suitable way so that, after the localization O → K, we have a unique
Uq(ĝ)K-linear isomorphism :

(2)
(
V̂x ⊗O V̂y

)
K
'

(
V̂y ⊗O V̂x

)
K

respecting highest weight vectors, for any x, y ∈ I × C×. The isomorphism (2) is
called the normalized R-matrix. For a sequence x = (x1, . . . , xd), we consider the

corresponding O-deformed tensor product V̂x := V̂x1 ⊗O · · · ⊗O V̂xd
. We regard

V̂x as an O-lattice of its localization (V̂x)K. For a fixed x, let x0 denote another
sequence obtained from x by reordering so that Vx0

is a standard module, and let x′
0

denote the sequence opposite to x0. Then we have the Uq(ĝ)K-linear isomorphisms

R : (V̂x0
)K → (V̂x)K and R′ : (V̂x′

0
)K → (V̂x)K by composing the normalized R-

matrices. Finally, for each n ∈ Z, we define

Fn := π

V̂x ∩
∑

k,l∈Z;k+l=n

R(ukV̂x0
) ∩R′(ulV̂x′

0
)

 ,

where π : V̂x → Vx is the specialization u → 0.
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